Abstract. In this paper we connect algebraic properties of the pair-of-pants product in local Floer homology and Hamiltonian dynamics. We show that for an isolated periodic orbit the product is non-uniformly nilpotent and use this fact to give a simple proof of the Conley conjecture for closed manifolds with aspherical symplectic form. More precisely, we prove that on a closed symplectic manifold the mean action spectrum of a Hamiltonian diffeomorphism with isolated periodic orbits is infinite.
Introduction and main results
1.1. Introduction. In this paper we study the pair-of-pants product in local Floer homology and use its properties to give a simple proof of the Conley conjecture for closed manifolds with aspherical symplectic form. We prove that the product in the local Floer homology is non-uniformly nilpotent unless the periodic orbit is a symplectically degenerate maximum. Then we utilize this fact to prove that on a closed symplectic manifold the mean action spectrum of a Hamiltonian diffeomorphism with isolated periodic orbits is infinite.
To state the results in more detail; recall that for a broad class of symplectic manifolds, every Hamiltonian diffeomorphism has infinitely many simple periodic orbits. Such existence results are usually referred as the Conley conjecture. The example of an irrational rotation of M = S 2 shows that the conjecture does not hold unconditionally, or the condition ω| π2(M) = 0 cannot be dropped completely. The following fact, proven in [GG16] , encompasses all known cases of the conjecture: When a closed symplectic manifold (M, ω) admits a Hamiltonian diffeomorphism with finitely many periodic orbits, there is a class A ∈ π 2 (M ) with ω(A) > 0 and c 1 (T M ), A > 0. The proof is a formal consequence of previously known cases combined with the aspherical case established in [GG16] . Ginzburg and Gürel prove the aspherical case by constructing a strictly decreasing sequence of mean action values. In this paper, following Remark 4.4 in [GG16] , we show that the mean action spectrum is infinite by using a vanishing property of the pair-of-pants product in local Floer homology.
Here is a brief outline of the argument. Let ϕ H be a Hamiltonian diffeomorhism of a closed symplectic manifold generated by a one-periodic Hamiltonian H. We first show that the local Floer algebra FA(H, x) = k HF * (H ♮k , x k ) of a oneperiodic orbit x is non-uniformly nilpotent, if x k is isolated and not a symplectically degenerate maximum for all k ∈ N (cf. Prop 5.3 in [GG10] ). Then arguing by contradiction, assuming in addition that the mean action spectrum of ϕ H is finite, we show that the total Floer algebra FA(H) = k HF * (H ♮k ) is nilpotent, which is impossible.
Main results.
Let us now state the main theorems. The conventions and basic definitions are reviewed in Section 2. In what follows a "periodic orbit of a Hamiltonian diffeomorphism" means a "contractible periodic orbit of the timedependent flow generated by a Hamiltonian". Theorem 1.1. Let ϕ H be a Hamiltonian diffeomorphism of a closed symplectic manifold (M, ω) generated by a one-periodic Hamiltonian H. Assume that periodic orbits of ϕ H are isolated. Then the mean action spectrum of H is infinite. Remark 1.2. In fact a slightly stronger result holds. Namely, a minor modification of the proof shows that the mean action spectrum must have an accumulation point.
It follows from Theorem 1.1 that when ω is aspherical, ϕ H has infinitely many simple periodic orbits. In other words, Conley conjecture holds for closed symplectic manifolds (M, ω) with aspherical ω. Corollary 1.3. A Hamiltonian diffeomorphism of a closed symplectic manifold (M, ω) with aspherical ω has infinitely many simple periodic orbits. This is a Lusternik-Schnirelmann type result in the sense that the lower bound for critical points is established by bounding critical values. Theorem 1.1 is proved in Section 3.2. The proof relies on the following vanishing property of the pair-ofpants product.
Let M be a symplectic manifold and x be a one-periodic orbit of a Hamiltonian
Denote by x k the kth iteration of x. The local Floer homology HF * (H ♮k , x k ) is defined whenever x k is isolated. The pair-of-pants product turns the direct sum k HF * (H ♮k , x k ) into a graded algebra, which we denote by FA(H, x). We say that the local Floer algebra FA(H, x) is non-uniformly nilpotent, if for all N ∈ N, the product is nilpotent when restricted to N k=1 HF * (H ♮k , x k ). The next result (cf. Prop. 5.3 in [GG10] ) is proved in Section 3.1. See Section 2.2.1 for the definition of symplectically degenerate maximum. Theorem 1.4. Let M be a symplectic manifold and let x be a one-periodic orbit of a Hamiltonian H : S 1 ×M → R. Assume that x k is isolated and not a symplectically degenerate maximum for all k ∈ N. Then the local Floer algebra FA(H, x) is nonuniformly nilpotent.
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2. Preliminaries 2.1. Conventions and basic definitions. Let (M, ω) be a closed symplectic manifold. Throughout the paper there will be no restrictions on c 1 (T M ), but we will usually assume that ω is asperical, i.e., ω| π2(M) = 0. Let H be a one-periodic in time Hamiltonian on (M, ω), i.e., H :
The time-one map of the time-dependent flow of X H is denoted by ϕ H . Such timeone maps are referred as Hamiltonian diffeomorphisms.
A capping of a contractible loop x :
The critical points of A H on the space of capped closed curves are exactly the capped one-periodic orbits of X H . The set of critical values of A H is called the action spectrum S(H) of H (or of ϕ H ). These definitions extend to Hamiltonians of any period in an obvious way.
For k ∈ N, the kth iteration of H, by which we simply mean H treated as kperiodic, is denoted by H ♮k . With this notation, the mean action spectrum S(H) of H (or of ϕ H ) is defined as the union of the normalized spectra S H ♮k /k. Note that the action functional is homogeneous with respect to iteration:
wherex k is the kth iteration of the capped orbitx. Furthermore, attaching a sphere
is always infinite when ω is not aspherical, and when ω is aspherical Theorem 1.1 implies the existence of infinitely many simple (i.e., not iterated) periodic orbits.
A periodic orbit x of H is called non-degenerate if the linearized return map dϕ H : T x(0) → T x(0) has no eigenvalues equal to one. The Conley-Zehnder index µ CZ (x) ∈ Z of a non-degenerate capped orbitx is defined, up to a sign, as in [Sa, SZ] . In this paper, µ CZ is normalized so that µ CZ (x) = n when x is a maximum, with trivial capping, of an autonomous Hamiltonian with small Hessian. The mean index µ CZ (x) ∈ R is defined even whenx is degenerate and depends continuously on H andx, see [Lo, SZ] . Furthermore, it satisfies μ CZ (x) − µ CZ (x) ≤ n, and it is homogeneous with respect to iteration:
2.2. Floer homology. In this section, we recall some properties of local Floer homology and pair-of-pants product, then define Floer algebra. See [FO, GG09, HS, MS, Sa, SZ] for a detailed account on (filtered) Floer homology, and [AS, MS, PSS] for pair-of-pants product.
2.2.1. Local Floer homology. Letx be an isolated capped periodic orbit of a Hamiltonian H. Local Floer homology HF * (H,x) ofx is defined as in [Gi10, GG09, GG10] . The capping is only used to fix a trivialization of T M | x and hence to give a Z-grading to HF * (H,x). Recapping a capped orbit shifts Conley-Zehnder index by an even integer. So Z 2 -graded homology HF * (H, x) is defined without fixing a trivialization.
The support of HF * (H,x) is the collection of integers m such that HF m (H,x) = 0. A capped periodic orbitx is called a symplectically degenerate maximum (SDM) if HFμ CZ(x)+n (H,x) = 0, this property is independent of the capping. The mean action spectrum S(H) of a Hamiltonian diffeomorphism ϕ H with an SDM orbit is infinite, see [Gi10] for details. Ifx is not an SDM, then the support of HF * (H,x) is contained in the half-open interval [μ CZ (x) − n,μ CZ (x) + n).
We will use the properties of Z-grading by Conley-Zehnder index in the proof of Theorem 1.4. When proving Theorem 1.1, for the sake of simplicity, we work with Z 2 -graded homology.
2.2.2.
Pair-of-pants product. On a closed symplectic manifold (M, ω) the filtered Floer homology carries the so-called pair-of-pants product; see, e.g., [AS] . On the level of complexes, this product is a map
giving rise on the level of homology to an associative, graded-commutative product
The product turns the direct sum of the total filtered Floer homology
into an associative and graded-commutative non-unital algebra, which we call the filtered Floer algebra. The local Floer algebra FA(H, x) and total Floer algebra FA(H) are defined in the same way. In all three, we work with Z 2 -graded homology when c 1 (T M ) = 0. By the energy estimates for the product, see [GG16] for details, the filtered Floer algebra splits
as an algebra when the orbits x i with A H (x i ) = c are isolated. As a result, the local algebra can be seen as a building block for the filtered, and hence for the total algrebra. The product structure in total Floer algebra, under the isomorphism with (Z 2 -graded if c 1 (T M ) = 0) singular homology at each summand, agrees with the dual of cup-product. So there is an infinite sequence of elements in FA(H), namely the fundamental class for each summand, with non-zero product. We prove Theorem 1.1 by contradiction: We show that FA(H) would be nilpotent if the mean action spectrum were finite.
3. Proofs 3.1. Proof of Theorem 1.4. Let x be a one-periodic orbit of a Hamiltonian H :
Assume that x and all of its iterations are isolated, and non-SDM. Choose a cappingx = (x, A) and iterate itx k = (x k , A k ). For a fixed N ∈ N, consider products of the form w 1 ·. . . ·w r ∈ HF l (H ♮k ,x k ) with w i ∈ HF li (H ♮ki ,x ki ); where
Remark 3.1. When the mean index is an integer we can choose δ = 1 independent of N . Thus, in that case the algebra is uniformly nilpotent. But this is not true in general. For an example, consider the autonomous Hamiltonian H(x, y) = λ(x 2 + y 2 ) where λ > 0 is a small irrational number. Let k ∈ N such that kλ−⌊kλ⌋ = θ > 0 is small, and G(x, y) = −⌊kλ⌋(x 2 + y 2 ). Denote by K the composition G♮H ♮k ; and by x, y the constant orbits of H and K.
Using the isomorphisms induced by composing ϕ H ♮k and ϕ H ♮k+1 with the loop diffeomorphism ϕ G , we form a commutative diagram in homology
where the horizontal arrows are pair-of-pants product. For C 2 -small autonomous Hamiltonians, e.g. H and K, pair-of-pants product in the local Floer homology of an isolated critical point agrees with the dual of cup-product in the local Morse homology of the same point. The latter is non-zero for a local maximum. Hence, by commutativity, the second row in the diagram is also non-zero. Now by taking an infinite sequence of iterations as above, we may construct an infinite non-zero product.
Remark 3.2. Roughly speaking, the only restriction on the local Morse homology of an isolated critical point is that with all the algebraic structures it is isomorphic to the homology of a suspension, see [CLOT, Pe] . In particular, the cup-product and the Massey products vanish in the local Morse (co)homology, [Vi] , but other cohomology operations need not be trivial (e.g. Steenrod squares). Non-uniform nilpotency of the pair-of-pants product is a Floer theoretic counterpart of this vanishing phenomena. However, similar to the local Morse homology, the local Floer homology can carry many non-nilpotent cohomology operations.
3.2. Proof of Theorem 1.1. As discussed in Section 2.1, the mean action spectrum S(H) of H : S 1 × M → R is infinite when ω is not aspherical; or in the existence of an SDM orbit, see [Gi10] for details. In this section, we assume that ω is aspherical and none of the orbits of ϕ H is an SDM.
Arguing by contradiction, assuming in addition that S(H) is finite, let S(H) = {a 1 , . . . , a m } be the mean action spectrum (ordered) of H. Choose c i ∈ R such that a i < c i < a i+1 and set c 0 = −∞, c m = ∞. By taking an appropriate iteration, if necessary, we may assume that all simple orbits are 1-periodic.
The first step is to argue that the filtered Floer algebra FA (ci, ci+1) (H) is nonuniformly nilpotent. Then using these as building blocks, we will show that the total algebra FA(H) is non-uniformly nilpotent (or just nilpotent, since summands are isomorphic), which is impossible (see Section 2.2.2). Recall that the filtered algebra FA (ci, ci+1) (H) splits:
as an algebra. Each summand is non-uniformly nilpotent by Theorem 1.4, so the sum is non-uniformly nilpotent. Now fix N ∈ N and let k, l be the degrees of nilpotency of FA (ci,ci+1) (H), FA (ci+1,ci+2) (H) when restricted to first N l and N iterations respectively. We will show that FA (ci,ci+2) (H) is nilpotent with degree at most kl when restricted to first N iterations, and hence non-uniformly nilpotent.
Let A, B, C be the Floer chain complexes which give rise to Floer algebras above, i.e., HF * (A) = FA has the same product structure with HF * (B) ⊗ HF * (B). Now take kl classes w i ∈ HF * (C) that belongs to first N iterations. If at least k of them are in the image of P , using the associativity of the product and the commutativity of the first block in the diagram, we conclude that w 1 · . . . ·w kl = 0.
If not, take l of the classes w ij that are not in the image of P . This time using commutativity of the second block, we conclude that the product w i1 · . . . ·w i l is in the image of P . We do the same until we obtain k classes (from first N l iterations) in the image of P and go back to first case.
